We prove that a homogeneous and isotropic universe containing a scalar field with a power-law potential, V (φ) = Aφ n , with 0 < n < 1 and A > 0 always develops a finite-time singularity at which the Hubble rate and its first derivative are finite, but its second derivative diverges. These are the first examples of cosmological models with realistic matter sources that possess weak singularities of 'sudden' type. We also show that a large class of models with even weaker singularities exist for noninteger n > 1. More precisely, if k < n < k + 1 where k is a positive integer then the first divergence of the Hubble rate occurs with its (k + 2)th derivative. At early times these models behave like standard large-field inflation models but they encounter a singular end-state when inflation ends. We term this singular inflation.
I. INTRODUCTION
When can a universe possess a future singularity? [1] In the absence of quantum effects, the best known case where this can happen, first found by Friedmann [2] , is a future 'big crunch' singularity of infinite density. It is essentially the time reversal of the big bang singularity: the universe expands to a maximum size at some time, contracts, and then collapses to the future singularity. This occurs in an isotropic universe if the cosmological constant, Λ, is negative, or if the universe is positively curved and contains a perfect fluid with bounded pressure obeying the strong energy condition.
A much more drastic type of future singularity is the 'big rip'. This was first studied in Refs. [3] [4] [5] . It occurs when the universe contains a fluid violating the null energy condition. The expansion is so rapid that the expansion scale factor and all its time-derivatives diverge in finite time. For a perfect fluid with equation of state p = wρ, linking its pressure p and density ρ, a 'big rip' occurs when w < −1.
By contrast, a far weaker type of finite-time singularity is a 'sudden singularity'. Strikingly, it does not require cosmological contraction to occur. These singularities were first discovered in Ref. [6] as a counterexample to the belief (Ref. [7] ) that compliance with the strong and weak energy conditions and the positive pressure criterion alone suffice to ensure that a spatially closed universe with S 3 topology has a maximal hypersurface and recollapses. They were later discussed systematically in Refs. [8, 9] (see Refs. [10, 11] for similar singularities in brane-world models). They are characterised by the scale factor, a(t), and its first derivativeȧ(t) being finite as t → t s , butä(t) → ∞ as t → t s . At these singularities ρ is finite but p → +∞, and ρ + 3p > 0. Generalised sudden singularities can also be constructed where the * J.D. Barrow@damtp singularity occurs in arbitrarily high derivatives of a(t), with all lower derivatives finite [9] . For further studies of these classical singularities see Refs. [12] [13] [14] [15] [16] [17] [18] and for discussions of quantum effects see Refs. [19, 20] . Sudden singularities stand in stark contrast to big rip singularities as they are much weaker. Firstly, they satisfy all of the classical energy conditions bar the dominant energy condition (and generalised sudden singularities satisfy them all) [21] . Secondly, while they are scalar polynomial curvature singularities, they are 'weak' in the sense of both Tipler [22] and Krolak [23] (this means they are not "crushing" singularities because an object approaching the singularity is not crushed to zero volume). Moreover, geodesics are actually extendible through sudden singularities [24] , unlike for big rip and big crunch singularities 1 , and this behaviour is stable [25] . For other types of cosmological singularities discussed in the literature see Refs. [26] [27] [28] [29] [30] [31] .
Unfortunately, unlike the known examples of a big rip singularity, we do not have a simple physically wellmotivated matter model which produces a sudden (or generalised sudden) singularity. Most studies of these singularities postulate a form of the scale factor with the desired singularity and then use the Einstein equations to find energy-condition compliant ρ and p behaviours which source this solution -although a solution of this sort is general in the function-counting sense [14] .
Here, we will construct for the first time a large family of finite-time cosmological singularities for a canonical scalar field with a simple, power-law potential. We show that the formation of these singularities is a general feature of these simple matter models. They provide the first examples of cosmological models with realistic matter which evolve towards weak, finite-time singularities. They also have the interesting feature that, for appropriate initial conditions, they can describe large-field inflation in the early universe. The qualitative difference to standard inflation models is that when inflation ends they evolve to a singular state in finite time.
II. SCALAR FIELD COSMOLOGIES
We consider a spatially-flat Friedmann-Lemaître-Robertson-Walker (FLRW) universe, with scale factor a(t) and Hubble parameter H(t) =ȧ(t)/a(t). We assume the universe contains only a scalar field, φ(t), with selfinteraction potential V (φ). The Einstein and scalar field equations of motion are (in units where c = 8πG = 1)
where
We consider the case where the potential takes a power-law form:
where A > 0 is a constant. When n is a positive even integer it provides the classic example of a large-field inflation model with a single potential minimum. If the initial conditions are chosen so that the scalar field starts high enough up the potential then the universe inflates as the φ field rolls slowly down the potential. When it nears the potential minimum at φ = 0 inflation ends and the field oscillates about the minimum. In particular, the case where n = 4 is the original model of chaotic inflation [32] . When n is a positive odd integer the universe appears to recollapses under the influence of the scalar field (for the n = 1 case see Ref. [33] ). We will be interested in the case where n > 0 and is not an integer.
A. Finite-time singularities when 0 < n < 1
We first examine the case where 0 < n < 1. Eq. (3) becomesφ
At t = 0 we choose initial conditions so that φ 0 ≡ φ(0) > 0 (cases where φ 0 < 0 are not cosmologically relevant, and generally unphysical), but the value ofφ 0 ≡φ(0) is unconstrained. We assume that the universe is expanding initially, so H 0 ≡ H(0) > 0. It is not difficult to see how the system evolves in time. If we start withφ 0 > 0 then both terms on the right-hand side of Eq. (5) are negative, so in a finite timeφ becomes negative. Hence, in finite time the scalar field starts to decrease, and sincė φ continues to decrease, because the second term on the right-hand side of Eq. (5) increases as φ decreases, it will reach φ = 0 in finite time. When this happensφ → −∞ (since n − 1 < 0) as φ → 0. From Eqs. (1)- (2), we see H andḢ are both finite at this point (provided thatφ < 0 is finite), butḦ diverges as
Before we demonstrate these claims rigorously we make a few points about the nature of the singularity encountered. Firstly, note it is not a scalar polynomial (sp) curvature singularity, as both H andḢ are finite at this point. For a spatially-flat FLRW spacetime the Ricci scalar, R, may be written as
which is clearly finite as φ → 0. However, higher scalar derivatives of the curvature (like ∂ a R∂ a R or R) are not regular sincė
These are generalised sudden singularities and examples of what Ellis and Schmidt call C k scalar curvature singularities [34] . We might call them scalar differential singularities. They are the first examples of such weak singularities in an FLRW spacetime for a simple matter model (see Ref. [35] for similar singularities in tilted Bianchi spacetimes). Regularity of the curvature ensures that they are weak in the sense of both Tipler [22] and Krolak [23] . Furthermore, since they are weaker than sudden singularities the spacetime is geodesically complete and extendible at the finite-time singularities.
We can ask which of the classical energy conditions these singularities obey. A canonical scalar field is equivalent to a perfect fluid with density ρ = 2 − V . This implies that the null energy condition (ρ + p ≥ 0) is always satisfied for any choice of V (φ). Moreover, if V (φ) ≥ 0, as in our case, then both the weak energy condition (ρ ≥ 0 and ρ + p ≥ 0) and the dominant energy condition (ρ ≥ 0 and ρ ≥ |p|) are satisfied. The strong energy condition (ρ + p ≥ 0 and ρ + 3p ≥ 0) is satisfied ifφ 2 ≥ V ; while this initially may not hold depending on the initial conditions we choose (indeed, if this model is to function as inflation at early times it must be violated), it is always satisfied as φ → 0. Therefore all classical energy conditions are satisfied near the singularity. Again, this is the first example of this kind known for a simple matter model.
Let us now prove that the system does indeed develop a finite-time singularity of this type. It suffices to prove that the system reaches φ = 0 in finite time withφ regular at this point andφ < 0. To do so, we prove first that the system always reachesφ = 0 in finite time, and then show that it must subsequently reach φ = 0 in finite time. Note that without loss of generality we may assume that φ 0 > 0, as otherwise we simply omit the first step in the argument.
To prove the first claim, note that in this region of parameter spaceφ < 0, so thatφ is strictly decreasing and so, while φ increases in this region, it cannot grow faster than linearly in time: φ(t) ≤ φ 0 +φ 0 t. In Eq. (5) this implies thaẗ
Integrating Eq. (9) once gives an upper bound onφ:
This implies thatφ = 0 is reached in finite time. This completes the first part of the argument.
For the second part, we must show that the system will reach φ = 0 in finite time. Before we do so, first note that at the point whereφ = 0 we haveφ = −Anφ n−1 < 0, so there exists a later time, T , at whichφ(T ) < 0, andφ cannot become positive again. We will prove that φ = 0 is reached in finite time by showing thatφ is a decreasing function of time, by which we mean thatφ(t) ≤φ(T ) for all t > T . Sinceφ is negative this clearly suffices to show φ = 0 is reached, as integrating this inequality once gives φ(t) ≤ φ(T )+(t−T )φ(T ), and so φ = 0 is reached within a time t = φ(T )/|φ(T )| from t = T .
To prove thatφ is decreasing, note that without loss of generality we may choose T so thatφ(T ) < 0 as well. Now ifφ increases in the future there must exist a time t 1 > T at whichφ(t 1 ) =φ(T ) andφ(t 1 ) > 0. However, this is impossible since Eq. (2) implies H is a decreasing function of time and at this point Eq. (5) requires
hence no such time exists and soφ is always decreasing. While we have proven that φ = 0 is always reached in a finite time, regardless of the initial conditions, we also need to show thatφ is regular at φ = 0. This is easily shown as H(t) is a decreasing function of time and positive in this interval, sȯ
Since φ is finite at the turnover we conclude thatφ is finite at φ = 0, and as it is a decreasing function of time we must also haveφ < 0.
B. Finite-time singularities when n > 1
Let us now examine the case where n > 1 and n is not an integer. Here, we also expect that φ = 0 should be reached in a finite time from generic initial data. In particular, it is possible to show thatφ = 0 is always . Moreover, at this pointφ < 0, soφ becomes strictly negative and can never become positive, so φ always decreases from this point. It is not so easy to show analytically that φ = 0 is reached in finite time because the key step used in the argument when 0 < n < 1 -thatφ is always a decreasing function -is no longer true when n > 1. However, it is easy to see that the only alternative is that φ → 0 andφ → 0 as t → ∞. This situation is at most of measure zero, and it is easy to show via numerical simulations of Eqs. (1)- (3) that φ = 0 is indeed reached in finite time for generic initial conditions for any chosen non-integer value of n > 1.
When 1 < n < 2 we can show that φ = 0 is reached in finite time by the following argument. Firstly, without loss of generality we may assume that for t > t 1 > t 0 we haveφ ≥ 0, otherwise φ decreases even faster and so φ = 0 must be reached in finite time if it is reached when φ ≥ 0. Nowφ ≥ 0 implies that for t > t 1 we have thaṫ
since H(t) is a decreasing function of time. Integrating this once gives
where C > 0 is a constant. Clearly then, if n < 2 this implies that φ = 0 is reached in finite time. When n ≥ 2 one can use the results of Richard [36] to derive conditions under which φ = 0 is reached in finite time. Richard studied the existence of zeros of a class of second-order, non-linear ordinary differential equations which include Eq. (3). Applying his results to Eq. (3) we find a zero exists in finite time provided the function
is decreasing and θ → 0 as t → ∞. Notice that in an expanding universe θ(t) ≥ 0, so in our case θ(t) always approaches zero from above. In general, θ(t) will be a decreasing function provided that a(t) increases slowly enough. For instance, for a power-law expansion, a(t) ∝ t m , then θ(t) is a decreasing function which tends to zero asymptotically provided that
That is, provided the expansion rate eventually approaches that of a kinetically-dominated solution the conditions are satisfied and φ = 0 is reached in finite time.
When φ = 0 is reached Eq. (12) still impliesφ < 0 is finite. Moreover, Eq. (3) now implies thatφ is finite at this point, unlike in the previous case. However, higher-order derivatives of φ diverge. For instance, differentiating Eq. (3) once gives that
For 1 < n < 2, every term is finite as φ → 0 except the last term which is divergent, so ... φ → ∞ as φ → 0. This implies that the first divergence in the scale factor occurs at fourth order in its derivatives, since ...
This implies, for instance, that R and higher derivatives of the curvature are divergent on approach to this singularity. It is not difficult to generalise these conclusions to arbitrarily large non-integer values of n. If k < n < k + 1, where k is a positive integer, then as φ → 0 we have φ (k+2) → (−1) k+1 ∞, with all lower derivatives of φ finite. This implies that the first divergence of the Hubble rate occurs for the (k + 2) th derivative:
If n is an integer these singularities never occur as V (φ) is smooth at φ = 0.
III. DISCUSSION
We have shown that a power-law potential given by Eq. (4) admits an arbitrarily large family of ultra-weak generalised sudden singularities which satisfy all the classical energy conditions and are characterised by the divergence of a sufficiently high derivative of a curvature invariant. Polynomial curvature invariants are always finite upon approach to the singularity: the divergence always occurs in a derivative of a curvature invariant due to the non-analytic behaviour of the curvature at the singularity. More generally, we expect that any potential V (φ) which is not smooth at φ = 0 will admit singularities of a similar form.
It is important to note that these models describe inflationary cosmologies in the same way as large-field inflation models: we simply choose our initial conditions, φ 0 andφ 0 , so that the system starts high enough up the potential and is potential-dominated. Inflation then occurs while the field violates the strong energy condition, but it eventually ends as φ → 0 and the system enters the reheating phase. The only difference is when the system reaches φ = 0 deep in the reheating phase (using the slow-roll approximation this is reached in time
Mp ). The difference is that reheating presumably proceeds differently. Since predictions for the power spectrum are insensitive to the behaviour at reheating, these models will give the same predictions for CMB observables as large-field inflation models. Inflation with fractional potentials has been studied before [37] , and can even be motivated from string theory [38] , although their singular behaviour as φ → 0 had not been recognised. Note though that the arguments used to derive fractional potentials from string theoretic constructions are only valid for large field values in general. It is also worth noting that monomial potentials with n < 2 given a better fit to current CMB data than large integer values do [39] .
Let us briefly comment on the case when n < 0 and n is fractional. These potentials are more relevant as candidates for late-time quintessence than inflation. In this case, there is little difference between when n is fractional and when it is an integer. One can easily show that if we start from initial data where φ 0 > 0 then, generically,φ becomes positive in finite time, and always remains positive from this point onwards. This is because in this casë φ > 0 for non-zero φ atφ = 0, so if φ is initially increasing it continues to do so forever. Even if we start from initial data whereφ 0 < 0 thenφ > 0 and so, by similar arguments to section II,φ becomes positive in finite time. The scalar field therefore always increases at late times, and the evolution is non-singular towards the future.
To conclude, we have demonstrated the existence of a large family of new ultra-weak generalised sudden singularities in a spatially-flat FLRW universe with a scalar field possessing a simple power-law potential. They are the first examples of a spacetime possessing such weak singularities for a simple and realistic matter model. Moreover, their formation is completely generic in FLRW models (indeed, when 0 < n < 1 they form from any isotropic and homogeneous initial data).
The singularities discovered here are generalised sudden singularities: the divergence in the scale factor occurs at no lower order than the third derivative, ... a , (as in Ref. [9] ). Note that while we can find potentials leading to these very weak singularities, and find potentials in the same family which admit big crunch singularities, it is not so easy to construct scalar-field models which admit sudden singularities with divergence inä. It is not difficult to see why. At such a singularity we would require H to be finite, whileḢ diverges. This impliesφ → ∞ on approach to the singularity, and so V (φ) must diverge in such a way as to cancel precisely the divergence oḟ φ. Such potentials will likely be unphysical, and if they do admit sudden singularities then the sensitive cancellation required will likely render them a set of measure zero. Sudden finite-time singularities withä → ∞ are in some sense a borderline case between singularities which are definitely inextendible (big crunch or rip) and those which are not, so we could view our results as indicating that they may not exist in general for 'reasonable' forms of matter, but their generalised forms with d n a/dt n → ∞ for n ≥ 3 are common.
Although we restricted to spatially flat universes our arguments are unaffected if the universe is open. We also expect finite-time singularities to form in a closed universe provided they form before the universe reaches the expansion maximum, as in Ref. [6] . However, a mas-sive scalar field (n = 2) in a closed FLRW universe can have quite intricate fractal behaviour that allows a subset of initial data to avoid a strong curvature collapse singularity [40] , so we might expect analogously complicated behaviour for non-integer potentials.
Note that we expect these singularities to be classically stable. This is because the formation of these singularities is stable within the family of FRLW spacetimes, so they can only be destabilised by the formation of large anisotropies or inhomogeneities as φ → 0. One can show they also generically form in the anisotropic case, and since sudden singularities are known to be classically stable [13] we expect these even weaker singularities to be likewise stable. Indeed, as sudden singularities have been shown to be stable [14] in the sense that the homogeneous solution is the leading order solution of the field equations containing nine independently arbitrary functions in the neighbourhood of the singularity we would expect these finite-time scalar-field singularities to be stable in this sense (however, the general scalar-field solution only contains six arbitrary spatial functions on a time slice). They are also probably even stable to quantum corrections, since the curvature on approach to the singularity is finite and we can construct singularities in which arbitrarily high derivatives of the curvature are finite [19, 20] . This is quite unlike most other examples of exotic singularities known.
A pressing question raised by this paper is what is the future evolution of these spacetimes beyond the point φ = 0? Since all polynomial curvature invariants are finite, the spacetime is extendible past this point. Notice that as φ → 0 (withφ < 0) then the scale factor approaches that of a universe dominated by a stiff fluid: a(t) ∝ t 1 3 . The precise form of φ(t) on approach to the singular point is in general quite complicated and depends upon the precise form of V (φ). The problem with evolving the system beyond φ = 0 is that in some cases (for instance n = 1 2 ) the matter model breaks down beyond the point φ = 0, since the naive evolution would push φ to become strictly negative, which in general would lead to the expansion rate becoming complex. Note though that this is only the case for some choices of n, and there are many choices (e.g. n = 1 3 ) for which V (φ) is always real. In this case numerical evidence suggests that if V (φ) is negativedefinite for φ < 0 the spacetime collapses to a big crunch singularity, while if V (φ) is positive-definite for φ < 0 no such collapse occurs. Instead the universe goes through φ = 0 an infinite number of times. We hope to return to this issue in future work. Some ideas for how to approach this problem using distributional quantities are discussed in Refs. [41, 42] .
A further question is how this model of inflation could be distinguished from a similar large-field model? Also, would these singularities reported here survive the detailed physics of reheating, which usually involves coupling the inflaton to one or more particles? This is of course impossible to answer without a specific model of reheating, but there is no reason to think reheating would alter them. One way to see this is that reheating can usually be modeled by adding a friction-like term, Γφ, into Eq. (3), and it is not difficult to see this should not generally affect the ability of the field to reach φ = 0 [43] . The prospects of detecting an observable signature of this behaviour face the same challenges as connecting the details of reheating to CMB observations.
